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SUMMARY

Gas-solid chromatography with the slow attainment of adsorption equilibrium.
described bv the Langmuir isotherm. has been treated theoretically. An analytical
solution was obtained for the relevant set of non-linear equations. A relationship was
derived for the concentration at the peak maximun. ¢max.. as a function of the reten-
tion time, Imax.:
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where A, and Ay are the rate constants of adsorption and desorption. respectively. = is
the column length. wy is the linear carrier gas velocity and dmax. is the amount of
compound adsorbed for complete coverage of the surtuce. This equation was used for
the calculation of k./k+ and amax. from experimental data on the adsorption of tolu-
ene by silica—alumina catalysts. The absolute values of &y and &y were calculated from
the condition of closeness between experimental and calculated curves making use of
the obtained analytical solution. The rate constants for the adsorption and desorption
of toluene and the value of umax. Were also found. '

INTRODUCTION

The mathematical treatment of gas-solid chromatography is very important
but is not a simple task. In most papers, this problem has been connected with a -
linear adsorption isotherm. A reasonable analytical solution for a set of equations has
been obtained and expressions for the chromatographic peak moments have been
derived! 7. Considerable difficulties arose in the trzatment of non-lincar adsorption
isotherms. owing to the absence of general methods for solving non-linear equations
that contain partial derivatives describing processes with nen-linear isotherms. and
therefore only asymptotic and approximate solutions have been given. An asymptotic
solution of the frontal chromatography problem for a non-linear adsorption isotherm
was obtained by Zhukhovizkii and co-workers®*. The adsorption isotherm has been
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approximated by a polynomial solution, and in this case approximate expressions for
the moments were found!*-'2. A case of weak non-linear isotherms was treated by
Zolatorev'®, and the problem of gas-solid chromatography has been treated by
numecrical methods taking into consideration the adsorption and diffusion kinetics and
the chemical reactions involved!i-15,

We have succeeded in obtaining an exact analytical solution of the elution gas
chromatography problem for a Langmuir isotherm in the case of slow attainment
of adsorption equilibrium for an arbitrary inlet function. The solution to a similar
problem for frontal chromatography was described by Thomas!?. As a result, a simple
equation was obtained that permits the adsorption and desorption rate constants and
the maximum amount of a compound that can be adsorbed per unit area of the
surface to be calculated from experimental data.

THEORETICAL .

Let us consider the following set of equations:

de | da | ac . Ga ) ]
_37 = 7 Uy, ? — V. W - I‘~a ("mu‘. ajc l‘d a (l)

with the conditions

=0 c(0.8) = (1)
(2)
r=0 a(z,0) = 0: ¢(z,0) == 0

where ¢ and « are the adsorbate concentrations in the gas phase and on the surface,
respectively, Ak, and A4 are the adsorption and desorption rate constants, respectiveiyv.
ug is the linear velocity of the carrier gas, = is the coordinate of the column length, ris
time, p(7) is the inlet functicn and a4max. 1s the adsorbate concentration on the surtace
for monolayer coverage.

By substituting -

- X = Zlu,: y == t—={u, ) : : (3

the system will become

~

a dc  da .
T ax T v

v

— kyag.. ¢ —k,ca—Fk;a (+)
a3

It follows from eqn. 4 that there exists a function ¢ («.¢) such that

dy ¢
T 4= Ty
This function satisfies the equation
¢ oy . 9 d¢ dq )
oy Tl T By Ty =0 )

\\'here A= kd, B = ka amax. and C == ka.
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After substituting

Cy = Inf(x.y)—Bx—Ay ©)

eqn. 5 becomes linear:

of

oxay ABf =0 ' (N

The functions ¢(x.y) and a(x.y) are related to f{x.y) as follows:

1., elnf
C :f: ?(T - -’1) (S)
1 . dlnf :
“ac =l 8 ®

The initial and boundary conditions for eqn. 7 can be obtained from eqns. 8. 9 and 2:

=10 S(x0) = ebir

x =0 HOy) ==y (1) == exp ’~[.-i i qu(_t’)] dx (10)

As the potential function 4 is determined by the accuracy of the constant. f(x.y) can
be obtained to the accuracy of the constant multiplier (eqn. 6). Therefore. we can
assume that f(0.0) = 1.

Applving a Laplace transform to eqn. 7:

vy -~

P )~ e (x0) — AB] 0 (1)

ox

where pis the parameter of the Laplace operatorand fis the Laplace transform of f{x.p).

- - afr tr g -~
It follows from eqn. 6 that »;1{ (x,0) = Belr for r =0 and irom eqn. 10
ox

t hat_hO.p) = go(p) for x = 0.
- The solution of eqn. 7 is

AB
4 ] e r cl{.\:

. 7
p— A ' (12)

fpx) = ['i(p)p — y(0) -+ (p(0) — 1) — PR —

After conversion of the Laplace transformation, we obtain

fx,y) = ‘- Ayo(E)

St o2 ABX(r — 5)AE + (3o(0) — (21 ABxy) —
[V >

A [ et I(2VAB( — Hx)AE + B (13)
o
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The solution of eqns. 1 and 2 can be obtained by simple calculation using
expressions 8 and 9. In the case of a rectangular inlet pulse:

[ Co 1T
w() =
0 t >T

the expression for the chromatographic curve when ¢t = Tis

e 7 7 Bx
R 4B\(1 oy B
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Cfix.r)

I, 2\ ABx(x — 5)] dE
Cfix.y)

(14)

where ¢ = Cco + 4, 3 = e\p(Cc.. T) and 71,(2) and /,(c) arc Bessel funcnons of an
imaginary aroumem-

The following solution was obtained for a narrow rectangular pulse:

Ay — 1) ]"——11 (2 )

C(z— 1) [10 (2 ) — e* l‘ue‘f 10(2\'rt)d[] eoguEr

a~

B(y — 1) I, (2 uy) _ (i6)
" e7f Lo (2 ve) dl] QY

o~

a —
Cx—Dn [1,, (2\ur) -+ e*

where v == By and u = Ay.

A simple correlation between the concentrations in the gas phase and on the
adsorbent surface follows from eqns. 15 and 16:

a — ku amux. . II— ) kd .‘; - 0 (2 qm;u. -\..V ) (17)
c kg N A e @ Uax. XT)

max.

Asymptotic expansions'®-1¥ can be used for high values of Bessel function
arguments:

R |
10(3)2 1[ (:)2 ]»’_,—_t:'e: (18)
Alur) = ev f L (2 \rt)e t dr = (19
o

(ufr)t
(ufr)t — 1

|
=3 {1 —erf(\/v — vu)ert? — Iy (2vr)
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w

where

) =
erf(z) = ——- | e ¥ dr
VT e

From eqn. 15 and taking eqn. 18 into consideration, one can obtain the rela-
tionship between the concentration at the peak maximum. ¢max., and the retention
time, Imax.:

PO Ty e T T a
. =%a "max. “ «< max. a
It will be shown later that this relationship can be used for the treatment of experi-
mental data. -
The equation for the concentration in the gas phase (eqn. 15) can be simplified
by using the asymptotic expansions in egns. 18 and 19:

by N2t 2k,
I [I ,_ thy1:h,)°7
\'hy \'4?--'7'10'5 I -~ (ky tiha)0-3

] - exp(bs — by — by 1= ky1) -~ P
(21
where
P = 051 —erf(\ ha— \ kuDlexplh, ~ kat—h, \ 1)
Forhigh values of \ b.— \ ku 1. the expression for P can be simplified by using
the asymptotic expansion for erf(z):

i
Tﬁ’g - \‘kd[) \'2.7

P il
where

bl == 2 \ I\‘,[ I{n :_!llg‘(lxuax-

b. =k, l—{q‘ Uman.
by =Kkeocy T = ko m/F
where Fis the volumetric velocity of the carrier gas and # is the amount of adsorbate
introduced in the column.

It was of interest to investigate the chromatographic peak shape as a function
of the experimental parameters and constants.

EXPERIMENTAL AND RESULTS

The use of egn. 21 would require a high accuracy of calculation. which would
make calculations difficult, and a programme was therefore worked out and the
chromatographic peaks were calculated by a computer.

Fig. 1 shows typical calculated curves for different values of the dimensionless
parameter 1/ F. Solid curves correspond to high rate constants of adsorption and de-
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Fig. 1. Calculated peaks for various values of the parameter 2. The numbers on the curves from 1 to
10 correspond to the following values of 2/ F:0.002, 0.003, 0.003 __ .. 0.01 mg‘ml-min. The broken
lines correspond to rate constants &, = 10° miimg-minand &; = 400/min. The solid lines correspond
to k, == 2.5 = 10* mi/mg-min and &, == 100;min:in both cases au,.. == 10 mg/mland =/u = 0.01 min.
The hatched curve was calculated by De Vaulit's equation for the Langmuir isotherm.

sorption (k; == 2.5-10* ml/mg-min; k¢ = 10*/min). The peaks have vertical fronts
and the envelope of the peak tops coincides with that calculated using the De Vault
equation for the Langmuir adsorption isotherm (see ref. 20):

Vo Sk, K
v == - e 2
¢ (l ovan. " fiv — 1) > (23)

where / is the length of the column. v is the volume of the carrier gas passed through
the column and s is the cross-section of the column. It follows that at sufliciently high
values of &, and k.. the non-equilibrium model is consistent with the equations for
ideal non-linear chromatography.

The broken lines in Fig. 1 correspond to rate umsmms of adsorption and de-
sorption of k. = 10° ml/mg-min and k¢ = 400/min. It ca'n be seen from Fig. 1 that
close to equilibrium the peak shapes that correspond to the same Henry coeflicient but
to different &, and k. values virtually coincide. The results tor an essentially non-
equilibrium range are different. Fig. 2 shows compuied curves for rate constants 10Q
times lower than those corresponding to the solid curves in Fig. I : at the same ratio of
constanis, the fronts are seen to be diffuse, particuiarly for very small doses.

C
(mg[ml)[
OOO;—

!

Fig. 2. Calculated peaks for &, = 2.5-10" ml/mg-min and &, == 1/min; the other parameters are the
same as for the curves in Fig. 1.
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Fig. 3. Calculated peaks for &, = 10* mlymg-min and &, == 4'min: the other parameters are the saume
as for the curves in Fig. 1. :

For the non-equilibrium case. the chromatographic peak shapes depend not
only on the ratio of A+ 1o A4 but also on their absolute values.

Curves for &, = 10% and &k, == 4 are shown in Fig. 3. A four-fold change of &,
and A4 results in a considerable change in shapes of the curves.

Fig. 4 shows calculated curves for A, = 1000 ml/mg-min and kg = = I/min. It
can be seen from a comparison of Fig. 4 with Figs. 2 and 3 that when a lower Henry
coetlicient is taken for decreasing A values, the peak tronts will be more diffuse than
in the case of increasing k. values. The theoretical results obtained can be used to
calculate adsorption and desorption rate constants and also ¢max. from experimental

9.
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Fig. 4. Calculated peaks for &4, = 1000 ml'mg-min and 4, -~ l/min: the other parmmeters are the
same as for the curves in Fig. 1.

data. It is advisable to use the dependence of concentration at the peak maximum.
cmax.. ON the retention time. Imax. (eqn. 20). This dependence of cmax. ON Imax. Can
be measured experimentally by introducing different amounts of the substance into
the column at a constant flow-rate; such experiments must be repeated for different
flow-rates. The dependence of ¢max.\ Tmax. On V =fuy, which, according to eqn. 20.
must be a straight line, can be constructed from intersections of the curves obtained
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with straight lines of equation rmayx. = constant; from the tangent of this straight line

we obtain \ k¢amax./ke, and from the intercept on the ordinate we obtain 1/ke -/ Imax.
-+ kalkq. Each of the constants ke, ka and amax. can be obtained from two such
straight lines for two values of rmax.. A shortcoming of this method is that small
errors that arise when constructing experimental lines can lead to highly erroneous
values of &k, and k4. and therefore great accuracy is required in such experiments.

On the other hand. it was found that the first term in eqn. 20 can often be
neglected. It is sufficient to carry out the experiments at only one flow-rate and differ-
ent amounts of adsorbate in order to determine the constants. The dependence of
Ciax. on If\ rmax. must be linear. The tangent of this straight line gives \'z/u-
\ Kuttmax_fkq and the intercept on the ordinate gives ky/ka-

Experiments with very small amounts of adsorbate. corresponding to a linear
isotherm, can be used in order to obtain absolute values of A, and k4. In this case.
ko ttmax. and k. can be tound by the moments method?!, after measuring the half-
width and the retention time of the peak. All three constants can be calculated using
the ratio ku/k. obtained for the non-linear range. When the isotherm is not linear. even
at very low concentrations. the moments method is not applicable and a correlation
between the computed and experimental peaks is needed in order to calculate the
absolute values of the constants.

As the correlation

l = ] Kyl v, 1 ky

i, ku \ >Im;u. ku

(m;xx,

is approximate, before proceeding to experimental verification of the method. we
tested it on computed model peaks. The dependence of cwax. On 1/ \ timax.. shown in
Fig. 5. was con:iructed from the peaks calculated for different flow-rates. In accor-
darce with eqn. 24_ a straight line was obtained for each of the three fixed velocities.
ali three lines converging at the same point. The values of A./As and amax. calculated
from tangents of siraight lines and intercepts on the ordinate were 53 and 12.2 mg/cm?.
respectively. The Henry coefficients and amax. values showed satisfactory agreement

Cc A
{mg/ml)
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/4 . . .
a2// Qa4 06 os 1
YVEmgxLmin=05)

[eXerigd

Qo2r
Fig. 5. Treatment of calculated curves using eqn. 24: A k, =- 57 mlimg and dm,,. = 13 mg/ml
Curves 1. 2 and 3 correspond to flow-rates F; = 80 ml/min, F: == 57 ml/min and F; = 48 ml/min,
respectively.
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with those used in calculations. It can be concluded that the assumptions made in
deriving egn. 24, namely the vahdity of utilizing the asymptotic expansion for Bessel
functions and neglecting the first term in eqn. 20. do not introduce large errors in the
rate constants within the range important in practical applications. .

The results of the above theoretical treatment were applied to the experimental
data on the adsorption of toluene on silica—alumina catalysts. The experiments con-
sisted in measuring the elution curves for toluene using a column filled with the cata-
lyst. All experiments were conducted in a stream of hydrogen. Aseqn. 24 is correct fora
high Bessel function argument, 2\"1\-,,/;;1:_,-’11!, amax.. the weight of adsorbent in the
- column was chosen such that the value of =/u, was sutficiently long. Increasing =/u, by
using flow-rates below 20 ml/min was not advantageous because of the diffusion effect
that was disregarded in our model. The weight of the catalyst used was 2 g and the
volumetric flow-rate of the carrier gas was varied from 40 to 100 ml/min. A katharom-
cter was used as the detector. The catalvst was pre-heated in a flow of hydrogen at
500° for 6 h. As with a fresh sample, the peak shape changed from pulse to pulse. The
catalyst was pre-treated with large amounts of toluene. after which the peak shape
became reproducible.

&=
D a
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.01
a
T
Q005+~ ¢

A
»»

o Crmax{mgjmi

tmex{min}
Fig. 6. Experimental dependences of the maximum peak concemration,r Cmar.. ON the retention time,
I, Of toluene vsing a stlica-alumina catalyst at 350°. Curves 1, 2 and 3 correspond to tflow-rates
of 109, 75 and 33 ml/min, respectively.

Fig. 6 shows the dependence of ¢max. ON fmax. obtained at 3507 for different
flow-rates (33, 75 and 109 mi/min) and for different amounts of toluene introduced
into the column. Fig. 7 shows the dependence of cmax. 0n 1/ \ ' Imax. derived from the
curves in Fig. 6. It can be seen that the experimental points for all three flow velocities
fall satisfactorily on straight lines. The constants were calculated from the tangents of’
these straight lines and the intercepts on the ordinates using the equations
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and .
(tg @) u,
A=z

where ¢ 1s the angle of slope of the line in Fig. 9 and A is the intercept on the ordinate
cut by the straight line. The constants found are given in Table [.

Absolute values of the rate constants A, and ks were selected by a computer
from the condition of closeness of the experimental and calculated curves. The precise
values of amax. had also to be obtained.

Amax. ™=

, 3 2 1
%0005 '-/ a/ /
E / /
x A
£ 0003: /
o0o A
h 1Jt—;nc; (m'n
/ /
/
I/ /
0008} P
7 .-
Va,
< Y,
oot v
Iyl
s
‘7
b
0015~

Fig. 7. Treatment of the experimental curves shown in Fig. 6 using eqn. 21 Curves 1. 2 and 3 corre-
spond to tflow-rates of 109, 75 and 33 ml:min. respectively.

In selecting the values of the rate constants. the following considerations
applied. The shape of a peak tail is determined essentially by the value of ketimax. /K.
and the steepness of the front is determined by the absolute values of &, and k... These
considerations are illustrated in Fig. 8. It is seen from curves 1 and 2 that small
changes in amax. considerably displace the position of the peak tail. Comparison of
curves 2 and 3 shows that the peak front shurpens with increase in &, and k4. whereas

TABLE |

VALUES OF CONSTANTS CALCULATED FROM FIG. Y FOR THREE DIFFERENT FLOW-
RATES

F { mil; mm} A (mgiml} g Kolky tml:mg) Upnax. (Mgiml)
53 0014 0.03 715 ' 32 )
75 0.134 0.024 74.5 32

109 00147 0.21 63 31

Mean 0.014 - 715 32
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Fig. 8. Dependence of chromatographic peak shapes on adsorption constants: (1) (--—--)&k, — 570
mi/mg-min; Ay = 10/min; g, = 10 mg/ml: (2) (----) &, = 370 ml/mg-min: 4. - 10'min:
Ay, = 13 mgiml; (3)C- - --—) &, = 3700 mljmg-min: &, == 100/min: d,... = 13 mg'ml

the shape of the peak tail remains virtually unaltered. Therefore. we varied damuax..
starting from the approximate values obtained above. until a satisfactory description
of the peak tail was obtained. Then. by changing the absolute values of A, and ka. we
succeeded in satisfactorily describing the peak fronts. The accuracy of the determina-
tion of k, and k4 depends on the closeness of the system to equilibrium. For the essen-
tially non-equilibrium region (see Figs. 2 and 35 the shape of the peak front is very
sensitive to the absolute values of A, and k4. Therefore, a precise determination of the
constants is possible. When approaching equilibrium. the dependence of the peak
front on &, and k. becomes weaker and the accuracy of the determination decreases
accordingly.

In Fig. 9. the experimental curve obtained at 7 == 3307 and F == 75 mi/min is
compared with the calculated curve corresponding to &, = 3475 mil/mg. k.; = 30/min
and amax. = 4 mg/ml. The experimental and calculated curves can be seen to coin-

_cide reasonably well. It should be noted that exact coincidence of the experimental
and calculated curves was not obtained tor all experimental conditions. deviations
being observed at low flow-rates of the carrier gas. This can be explained by the effect
of diffusion. ;

The results presented in this paper show that the analvtical solution of the
problem of non-equilibrium elution chromatography tor the Langmuir isotherm can
be applied to the description of experimental peak shapes and to the calculation of
adsorption constants.

A

C
{mg/mi)

[elo)ig

»

1 2 3 4 5 (53
t{min)

Fig. 9. Comparison of calculated curve (1) with the experimental curve (2) for &, = 3475 ml)mg-min,
kg = 50/min and ... = $ mgml
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